STRONG LAW OF LARGE NUMBERS FOR GENERALIZED
OPERATOR MEANS II

ZOLTAN LEKA AND MIKLOS PALFIA

ABSTRACT. In this paper we continue the investigation of generalizations of the strong
law of large numbers to operator means which has been initiated in the earlier paper
"Strong law of large numbers for generalized operator means", Adv. Math. 457 (2024),
109933 of the authors. In particular, we clarify an inaccuracy in the statement and
proof of the strong law for means associated with uniformly exponentially contracting
flows in Thompson metric spaces. We then significantly improve the variant of this
strong law given in the mentioned paper for operator means by relaxing the restrictive
required moment condition to L log™* (L) by proving almost sure convergence of implicit
stochastic approximations for monotone operators under this condition.

1. INTRODUCTION

The first goal here is to address two technical issues concerning [5, Theorem 5.2|.
First, we make explicit an omitted local L'-boundedness type of assumption and modify
the proof accordingly. Second, we address a separate technical gap in the proof: certain
second order error terms in the stochastic analogue of [5, (20)] are not controlled under
the stated assumptions, and may, in fact, be unbounded. It follows that one cannot
directly apply the "Nodice" theorem |5, Theorem 4.2] as claimed at the beginning of
the last paragraph of the proof of [5, Theorem 5.2]. This isssue, however, does not affect
the subsequent application of the results in [5] including Section 6, because the local
L'-boundedness condition introduced in the present paper is automatically satisfied in
that setting, as verified in Section 4 below, see Corollary 4.3.

Resolving these technical issues is only one aspect of our contribution. More impor-
tantly, our second goal is to substantially strengthen the previous convergence results
by proving them under considerably weaker moment assumptions. In the final section,
we strengthen the strong law for operator means in [5, Theorem 6.9] and impose a single
integrability condition in the form of an L log™ (L) condition which lies strictly between
the theoretically minimal L' and the stronger, but usually proof-wise more accessible,
L?-condition. Recently, [10] established almost sure convergence results for explicit sto-
chastic approximation schemes in R? under L'**-type conditions. Another almost sure
convergence result is [1] for L%-integrable implicit stochastic approximations in Hilbert
spaces. The proof in [1] relies on the Robbins-Siegmund almost-supermartingale con-
vergence theorem [12], a the standard tool in stochastic approximation theory. In our
setting, we avoid supermartingale arguments and prove almost sure convergence results
more directly and effectively under the weaker Llog™ (L) tail condition. Having estab-
lished this and using the order-preserving property of resolvent maps, our treatment
reduces the problem of the strong law for generalized operator means to an implicit sto-
chastic approximation problem on the real line. The proximal Robbins—Monro method

Date: August 31, 2026.
2000 Mathematics Subject Classification. Primary 47A56, 47A64, 47H40, 60F15 Secondary 58B20.
Key words and phrases. ODE, Thompson metric, Karcher means, Sturm’s law of large numbers.

1



2 ZOLTAN LEKA AND MIKLOS PALFIA

[13]| provides a general framework for such implicit stochastic approximation schemes.
Then we apply our result to establish almost sure boundedness of generalized resolvent
iterates associated with the mean ODE. We reduce the stochastic convergence analysis
to bounded metric balls, where the generated flow is invariant and uniformly exponen-
tially contractive, and adapt ideas from optimal transport theory and the proof of |5,
Theorem 6.9 to derive the convergence. Without the flow-invariance argument, our
estimates would prove to be ineffective to yield the strong law, since the exponential
contraction coefficient of the mean ODE could be 0 on the whole cone P.

2. COST FUNCTIONS IN OPTIMAL TRANSPORT PLANS

All Borel probability measures in P(P) representing random variables are assumed
to be fully supported, where the positive definite cone P of invertible operators over a
Hilbert space H is equipped with the Thompson metric do(a,b) = || log(a=*/2ba=*/?)]|.
Recall that the support of a Borel probability measure is always separable [2]. Let us
consider the function

mwzéwmwww>

where p € P(P) for some measurable, locally || - ||-Lipschitzian function family ¢(-,y)
for any y € P. The corresponding mean ODE is given as

(1) Mw24¢umwmmwzﬁwumyx

where Y is a P-valued random variable with law ;. The generated flow on P is (globally)
exponentially contractive if there exists an o > 0 such that

doo(z(t), y(t)) < e “duso(2(0),y(0)) t>0

for any solution curves z,y : [0,00) +— P of (1). This exponential contraction rate of
the mean ODE is denoted by a(p, ) for brevity or just by « if it is clear from the
context.

For any P-valued random variable Y with law p, recall that Jy(Y,z) = J2¥ (2) for
A > 0 denotes the unique solution to the resolvent equation

Ap(x,Y) +1log, 2 =0

in x € P. The existence and uniqueness of the solution follow from the fact that it is
the unique equilibrium of the differential equation

2(t) = Ap(2(1),Y) + log,, 2

which generates a globally exponentially contractive flow. Indeed, we have that the log
function defines an order-preserving dynamical system with exponential contraction
rate 1, see |5, Proposition 2.5]. Therefore, the contraction rate of the above flow is at
least 1+ Aa(p(+,Y)) > 0, given (-, y) is non-expansive.

We also define the generalized resolvent J{'(z) to the mean ODE as the unique solution

of
A/w@wﬂww+b&220
Let us introduce the continugus cost function ¢, on P x P defined as
ey, 2) = llz™ 2 (p(x,y) — pl@, 2))2~ 2.
Then

ce(y,2) < ey, v) + cx(v, 2)
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holds. Hence, ¢, is a pseudometric, but not necessarily a metric on P. Since ¢, is con-
tinuous, the optimal transport cost functional between the Borel probability measures
i and v on P is well-defined

Coliv) = inf Eneo(y,2) = min j/ caly, 2) dny, 2),
PxP

mell(p,v) mell(p,v)

where II(u, v) denotes the set of all couplings between p and v.
We now have the following form of a general resolvent estimate, see Corollary 3.9 in

[5]:

Corollary 2.1. Let o(z,y) be a locally Lipschitz function on P x P. Let p and v be
Borel probability measures on P, let p,q € P and let A > 0. Then, for the resolvents of
the corresponding mean ODEs, we have

A
2 doo (Y (P, Y Crepy).
@ a0 K@) € e )+ T O )
Proof. Fix an « € P. Using some linear functional w with ||w|| = 1, note that

téx‘”%%%yﬁf”Q@d) /‘-”%xxz>-“2m4:

=w (/Px”zso(%y) 2d /P (@, 2)a™ ! dv(z ))

:/Pw(aj_l/zgp(aj,y)x_l/z /Pw 2oz, )7 ?) du(2).

Now,
wlz™Po(x, y)a™'?) — wa oz, 2)z7'/?)
= w(z Po(z,y)r ' — oo, 2)z7 ')
< |lz7 2 (p(z,y) — o(x,2))a |
= ¢, (y, 2).

From the Kantorovich duality theorem, we obtain

yéf”%@w)*”wd)‘/’”%QZW””W@)

< sup {/cb ) du(y /w ) dv(z }
(é)EL! () x L (v

p—¢<cz

= min / (Y, 2) dr(y, z2) = Cy(p, v).
PxP

mell(p,v)

Choosing x = J{(p), the result follows from Proposition 3.4 and Corollary 3.8 in [5]. O

Assume that for each y the vector field (-, y) defines a globally exponentially con-
tractive flow on P. Let A, denote the unique solution to the mean equation

t/WLwdmeO

P
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for x, cf. |5, Proposition 3.1]. Notice that A, is the fixed point of the non-linear
differential equation

i(t) = / (1), y) duly).

Let v be another Borel probability measure on P. Applying inequality in [5, Proposition
3.6] to the differential equation above, we immediately obtain

s < | [ ot dut

_H (Ao, ) dis(y) — / o(Ay,2) dv(2)

(%u) (/PW(SO(AW?J))dM(y) —/Pw(go(Ay,z)) dy<z>>

for some linear functional w with norm 1.
Similarly, the Kantorovich duality theorem implies

/P w(p(Bury)) dialy) — / w(p(hy.2)) dv(z) < min / o) dr(y.2)

well(p,v)
Hence, we obtain
Corollary 2.2 (Distance between fixed points).
1
dOOAuAl/ S CAV o, V).
W) = Sy O )

3. STOCHASTIC RESOLVENT ITERATIONS

We now present the main result of this section. It clarifies the additional local L!-
domination condition, which in particular implies a uniform integrability-type condition
on balls, used in |5, Theorem 5.2| and substantially expands and elucidates parts of the
proof. The new ingredients in our argument include tools from optimal transport theory,
most notably Kantorovich duality [14].

Theorem 3.1. Assume that o : P x P — S is Lipschitz continuous on any bounded
dso-metric ball. Furthermore, for each x € P, there exists an € > 0 such that the family
of functions

Foe = {lls70(s,9)s712| : d(s,2) < &}

admits a common L'-dominating function. In addition, for every y € P, we have
alp(-,y)) > a > 0. Let Y1,Ys,... be a sequence of i.i.d. random variables with law
w € P(P). Then, for any initial point Sy € P, the stochastic resolvent iteration defined
by

Sn+1 = Jﬁ (Yn+1> Sn)

almost surely converges to A, (p) in the Thompson metric.

Proof. We divide the argument into several steps. First, as usual, fix a sufficiently small
e > 0.
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Step 1. From Varadarajan’s empirical large number theorem, the empirical averages

k
1
P = Z Jdy; converge weakly to p a.s. if K — oo. Let us now define the cost function

c(y, z) = sup{c,(y, 2): doo(z,A,) <€)}

Since each ¢, is continuous on P x P, the supremum ¢ is lower semi-continuous on
P x P. Moreover, by the local L!'-domination condition, for every fixed z € P, the
function ¢(-, z) belongs to L'(p). Hence, the optimal transport cost between the Borel
probability measures p and gy, is well-defined

Clu, p) = min  E e(y, 2).
mEIL(p, i)

Applying the Strong Law of Large Numbers to (-, z9) € L' (1), we also have that

/]Pc(y,zo) dux(y) — /]Pc(y,zo) du(y) a.s. k — oo.

In addition, since py converges to p weakly, the stability theorem of optimal transport
plans with a standard truncation approach, see [14, p. 114], implies the convergence
min E.¢(y,z) -0, k— oc.
mEII(1,pu)
We have Cy, (p, pe) < C(p, pu), and then dog(A,,, Ay) — 0 (k — oo) a.s. also holds,
see Corollary 2.2. Since ¢ is lower semi-continuous, the map (pu,v) — é(u,v) is Ls.c.
in the weak topology on the product space of probability measures. The infimum of
any family of Ls.c. functions is Borel measurable, and we obtain for any fixed &k that
C(p, pi) is measurable with respect to the Borel o-algebra on P®* (and PY). We claim
that
EC (i, ux) = 0, k — oo.

Indeed, we use a standard decomposition trick for the cost function ¢ that satisfies the
triangle inequality. Then, we obtain (see [14, p. 114])

/]P’X]P’ c(x,y)dm(z,y) < / &(z, y)dm(z, y)

{e(zy)<R}

+ 2/ (@, zo)dp(x) + 2/ (20, y)dpuk(y)-
{&(z,20)>R/2} {&(z0,y)>R}

Hence

EC(p, p) < E/ c(x,y)dmg(x,y) + 4/ é(x, zo)du(x).
{e(z.y)<R} {e(z,20)>R/2}

Since py — p weakly, from the stability of optimal transport plans [14, Theorem 5.20],
we have 7, — 1 weakly, where 7 is the trivial coupling (Y,Y) and Y ~ pu. Hence,
Lebesgue’s dominated theorem implies that the expected value of the right-hand side
tends to 0. From the integrability of the cost functional ¢(+, zg), the second integral is
arbitrarily small if R is large enough. We conclude that EC(u, piz.) — 0 as k — oo.

Step 2. Now, fix k such that d.(A,,,A,) < €/2 as., C(u, ) < € as. and
EC (u1, ) < € are all fulfilled. Let m, be the optimal transport plan defined by the
optimal cost C'(u1, p1x). Given the random variable Y with distribution j, the transport
plan 7, also defines the coupling (Y, Z), where Z has distribution ;. Thus, the sequence
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of i.i.d. random variables Y;,Y5, ... with law p generates a sequence of i.i.d. random
variables 7y, Z,, ... with law ;. Let us introduce the stochastic resolvent sequence
1

— 1(,0(§n+1, Znp1) +logg  Sn=0, n=12,...

Step 3. We prove that
lim sup dog (Sp, Ay, ) < £

Nn—00 67

Note that the variables Z, ,;-s are P-valued i.i.d.-s with finitely many values. From

the resolvent estimate Corollary 2.1, we obtain that the sequence S, is bounded almost
surely. Indeed, with A\ = 1/(n + 1),

dOO(Aum 5YnJrl) =d (Aum J1/7:+1( An+1)

1/2
n+1 a a H +{ 90( ,uka

2,000
OOA ’Sn
“n+l4a (A )+n+1+a «

n+1

Since the variable ||¢o(A,, , Z)|| is uniformly bounded, a simple induction shows that S,
is bounded almost surely.

Following the calculations in the no-dice theorem [5, Theorem 4.2|, summing the
resolvent equations

1. . .
ik n l,gO(Snk_H'_l, an—i—i—l) + loggnHi Snk—i—i—l =0 1= 17 ey k

yields the formula

k
1 : - 1
(3) Z @(Snk+k7 Z7Lk+i—1) = — loggnHk Snk + O (—) .

(n+ 1)k = (n+1)2

Let us introduce an auxiliary random function:

k
Z T, Znjeti— 1 E/"k,'rL(p(x’ W)v

wlr—‘

for each n, where i, denotes the random atomic measure supported on Z, ;4,1 with
probability 1/k (and W ~ py,,). We also consider the random resolvent iteration S,
defined by

n—i—lw"( n+1)+10g5‘;+152207 n:1:2>---'

For each n, note that S; _; is the only fixed point of the differential equation

since the generated flow is exponentially contractive on P. Indeed, by [5, Corollary 2.2],
recall that

(n+1¢"( (1)) + log, SZ) > a (n+1¢"( ())) ey
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From the contraction property |5, Theorem 2.4] and (3), we have

.4 1 5—1/2 1 A r) &-1/2
doo(Spi1s Snk+k) < T+ a((n+ 110 ‘ Stk (n—ﬂwn(snmk) +logg Sn) Sktk
1

_ 1/2 r 1/2
T a1 ) 1S k(= logg, , ., Snr+logg .. Sm)S e lill

+O((n + 1)72)
1 r & —2
< mdm(sm Sur) +O((n+1)77),

where we used the exponential metric increasing inequality for Thompson metric and
its invariance in the last step. Thus, dy(S!, Sprir) — 0 as n — 0.
We also introduce the deterministic sequence

- 1Eugp(5n+1,Y) +logga | St=0, n=12,....

Recall that the algorithm converges in d..; that is, ij — A, n — o0, see |5, Theorem
4.1]. Hence, for any large n, applying the resolvent inequality in Corollary 2.1 for the
mean ODE & = E,(z,Y) and the empirical mean ODE & = E,, (2, W), we obtain

dOO(SZ-s-la S:H-l) = dOO(J{L/(n-H)(Sd) Jlu/k;-l (%))
doc (S5, 57)

<
1+ ale, pun)(n+1)71
(n+1)~1
1 + 05(907 Nk,n)(n + 1)_1

1
< L5t s+
n+1+a«

Note that C'(y, pr.1), C (1, fig2), - - - are i.i.d. random variables defined on P®*. Since the
optimal transport cost is convex in both variables, we obtain

k
_ 1 _
/ CQ%EPMWJwms/mm%mF]ﬂ%mwa<w
Pek — P P

that is, C(u, ptrn) € L'(P*, u®*). Hence, from the SLLN for weighted averages (see
[3, Theorem 1]), we have

sa,, (15 pen)

« O(M?Mk,ﬂ)
n+1l+a a ’

lirsl_)sogp doo (ST 1,50, 1) < é Cp, ) < 2
Since
oo Sy M) < doo(Suks S3) + doo(S, 83) + doo( S, Ay,
we find that

lim Sup dog (Spi, Ay, ) < <
n—00 o

From doo(S,, Spy1) < Kn™l, it follows
lim sup d (Sn,AMk) <

n—oo

elm
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Step 4. We claim that
lim sup dOO(S'n, Sp) < Las.
n—00 o
Since doo (S, Ay, < ¢/a, for any large n, and do(A,,,A,) < /2, we also obtain
that Cg . (u, ) < C(p, pi) a.s. Moreover, for any large n, by the general resolvent
contraction inequality in Corollary 2.1

Qoo (Snt1, Sns1) = doo (J1/TL++11S J1/(nn+i1)5)

1 3 (n+1)~*
< oo (S Sn - (Your. Zn
S Thal b 11 S+ T 5 1 S (et )
1 & (n+1)~1 -
< dOO Sn S Yn ,Zn S,
S T alp by 1 504 T e g e Z) s

From Etemadi’s weighted SLLN (see [3, Theorem 1]) to the i.i.d. couples (Y,,, Z,,) ~ m,

we have c
A Eﬂ C ) )
hmsup doo(Sn+17Sn+1) S kC(M “k) - (Iu ﬂk) a.s.

n—00 (% [0
Combining these inequalities, we obtain that, for every sufficiently large n,

doo(sn—l—la A,u,) S doo(Sn+17 gn—l—l) + doo(‘gn+17 A,uk> + d (A#w A )
E € €
< —+—+ 3 as.
a o 2
Since ¢ is arbitrarily small, the proof is completed. O

4. APPLICATIONS TO OPERATOR MEANS

Here, we follow the notations of the last section in [5]. The (non-commutative)
perspectives of f are given by the maps

T fm(y) . [EI/Qf(ZE_l/QyZL‘_l/Q)ZEI/Q.

By |5, Proposition 2.8|, for any operator monotone function f: (0,00) — R with
f(1) = 0, f'(1) = 1, the perspectives z € P+ f,(y) := a'2f(a=2yz=1/?)2"/? and

their integrals
T / fe(y) dp(y)
P
where p € P(P) such that

(4) Ammmw@<m,

for any = € P, define monotone (order-preserving) flow on P through the first-order
system

(5) i@—énmwww

for t > 0. The generalized Karcher equation

/P fo(y) du(y) =0

has a unique solution, cf. [5, Theorem 6.5|, denoted by As(x). By Proposition 6.6
and the paragraph preceding Corollary 6.8 in [5], Af(x) is monotone increasing in its
variables: with respect to the pointwise order for real functions f, and with respect to
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the stochastic ordering of probability measures p. This monotonicity property carries
over to resolvents J}'(z) associated with the ODE (5). In fact, recall that the generalized
resolvent J{(z), A > 0, is the unique equilibrium of the ODE

1
1 = F .
) 5 [ W o) + g Tom s = Fa(@)

From Proposition 2.8 in [5], both dynamical systems

) = [ foo(w) dnly) and i(e) = o

generate an order-preserving flow on PP, so does their convex combination F’, . Following
the reasoning in Proposition 6.6 in [5], we have that the order-interval [J{(z), c0) is an
invariant set of the dynamical system (6). Since F, \ < F, ) holds when z < v, we also
obtain that 0 = F, \(J{'(2)) < FyA(J{ (%)) and then the flow generated by F, ) leaves
the set [J{(z),00) invariant, hence J§'(z) < J{(v) must follow.

The order-preserving property of the resolvent in terms of generalized Karcher equa-
tions was first proved in [11] and also follows from the order-preserving properties of
the associated flows (see [5]). The statement summarizing this is the following:

Proposition 4.1. The generalized resolvent Ji(z) is monotone increasing with respect
to the stochastic order of probability measures p and the Loewner order on z.

The exponential metric increasing (EMI) property says that for any z and y € P, the
inequality holds
[og z —log y|| < dus(x, ),

which readily implies
[og &= 2ya™""2 —loga™"|| < ||logy]|.

The following is a localized version of the statement for general operator-monotone
functions.

Proposition 4.2. Let f: (0,00) — R be an operator monotone function such that
f(1) =0. Then, for any x and y € P, the inequality

1f (2 Pya™t2) = @) < Kl f(y)]
holds with K, = max {||z~ ||, ||z||} .

Proof. First, we prove the statement if y is a positive scalar; that is, y = A > 0. Assume
that 1 < A holds. From the integral representation of operator monotone functions

-1 e __ " v v(s) = rA—1) V(s
0<fe) = fla )_/[o,oo] )\+sx+1—|—szzﬁd<)_/()oo](>\+5$)(1+537)d<)7

where v is a positive Borel measure on [0, 00]. If x € P satisfies 1 < x, we obtain

/[0 UL VI /[0 AT ) = (£ — £).

o] A+ sz)(1+ s7) o] A+ 8)(L+5)
Similarly, we obtain that for 0 < A <land 1<z €P
0< fla™h) = fQa™h) <a(f(1) — F(N),

hence, the norm inequality follows in this case.
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If 1 >z and 1 € P, we recall that g(x) = —f(1/x) is also operator monotone. From
the inequalities above for g, we obtain that

£ (@) = fa™ ) = llg(@) — g(@/M] < N2~ Hllg(1/ M| = l=~ [ F(V)].
For a general x € P, let p denote the spectral projection of z corresponding to

the Borel set o(x) N [1,00). With the notation x; = pxr and z2 = (1 — p)z, we have
f(z) = f(x1) ® f(x2). Then the preceding argument shows that

1F Qa™) = fa™ DI = max || fAa;™) = f ;)] < max((lz7, 2D

Finally, let [A,, \y] denote the spectrum of any fixed y € P. From the spectral mapping
theorem, \, <y < My and || f(y)|| = max(|f(Xa)], | f(Ap)])- Since f is operator monotone,
we also have

fla™Pyat) = fla™h) < fwa™) = fla™h) < max((|l27H), [lel)]f (M)
< max([l2= |, [l=[D £ ()]l
Similarly,
fla™) = fa™Pya™) < fa™) = fOua™) < max((lz= |, 2] ()]
< max([l ™|, [lz[DI1Lf ()]l
This completes the proof. 0

Corollary 4.3. Let f: (0,00) — R be an operator monotone function such that f(1) =
0 and

L1l dute) < oo

Then, for any x € P and € > 0, the family of functions
Foe = {Hf(z*l/Qyz*lﬂ)H: doo(r,2) < €}
admits a common L'-dominating function.

Proof. The pointwise supremum sup J, . is lower semi-continuous, since each function
is continuous in F,.; hence sup F, . is Borel measurable. Irom Proposition 4.2, we
obtain

/P spFocdp< sup K. [ If@)ldutw)+ sup  [If I

doo (7,2)<e P doo(z,2)<€

Since
/P 1F )] din(y) < oo

by assumption, and since both K, = max{||z]|,|z7!||} and || f(271)|| are bounded as z
ranges over an open neighborhood of x, the above expression is finite. Thus, sup F, . €
L*(p), and it admits the L'-domination of F, .. O

Corollary 4.4. Let f: (0,00) — R be an operator monotone function such that f(1) =
0 and

/P L) og™ 1 ()] duly) < oo.

For any v € Ry,
f(5) € Llog" LR, |- [l4).
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Proof. From Corollary 4.3, the functions
vy G nd v et s (5)]
x x
belong to L'(u). Using Proposition 4.2,

I (%) 1o 7 ()] = (stseon+ |1 (3)] ) oe (sasonn+ |7 (5)])

Recall that, for any a and b > 0,

log*(a + b) < log?2 + max{log™ a,log" b} <log2 + log™ a + log™ b.
Thus, we conclude that ||f (2)|| € Llog® L(P, ).

The spectral mapping theorem gives that f (Hz_\l) €o (f(%)), and then
y)

()=

Since the function t — f(t)log™ f(t) is nondecreasing on (0, co), it follows

f(5) € Llog" LR+ | - [l 10):

O

In order to obtain a.s. boundedness of our resolvent iterates, in what follows we
postulate a slightly weaker integrability condition than the L' condition of (4). It lies
between an L' and L? condition and we believe that merely (4) should be enough for
a.s. boundedness, but we were not able to justify this. We believe that a more refined
analysis might be required for this which takes into account the varying exponential
contraction coefficients along the trajectories of the resolvents iterates. For the following
proofs mere nonexpansivity is enough, but then the random harmonic series type error
terms, as utilized below, grow too quickly for (4) to be effective. The postulated
additional integrability of  log™ (z) below is still a significantly weaker assumption than
[5, (26)] which essentially requires the existence of all moments of do. (I, Y1) (equivalently
E|Y;| < oo) that has not much in common with || f(y)]|, and a.s. lower and upper bounds
required seemingly different integrability assumptions. In what follows we also unify
the picture regarding the establishment of claimed a.s. lower and upper bounds. The
key tool to obtain boundedness is the following a.s. convergence result.

Proposition 4.5. Let X1, Xs, ... be a sequence of i.i.d. real-valued random variables,
and let h: R — R be a non-decreasing function such that

E[|h(X; — r)|[log® |h(X; —1)|] < 00
for every real r. Assume that the equation
Eh(X;—2)=0

has the unique solution x = 0. For arbitrary initial values s1,5; € R, consider the
implicit stochastic approximations

1
—h(X, — 8p) + Sn_1 = Sn
n

and )



12 ZOLTAN LEKA AND MIKLOS PALFIA

The resulting sequences {sp}n>1 and {8},>1 both converge to 0 almost surely, given
that in the case of the second iteration {8},>1, we additionally have that h™' exists and
satisfies

hl(z) =z + O(z?)
i a neighborhood of 0.

Proof. The proof will utilize the claim that

n=1

converges almost surely. We will apply Kolmogorov’s three-series theorem to establish
the claim, it therefore suffices to verify the following three conditions. First,

ZP [W(X,)| > n) =Y P(|h(X1)| > n) < E[h(X))| < oo.

n=1

Second, from Eh(X;) = 0 and Fubini’s theorem,

i E (h(Xn)1gnxoleny) _ i E (h(X1)Ln(xs)i<n)

n n
n=1 n=1

o0

B Z E (h(Xy) 1{|h X1)[zn})

ez
__E (MXl) 3 %>

n=1

< O (E [|n(X1)[log™ |h(X1)]]) < oo.

Third, a standard estimate from |2, p. 264] yields

[e.e]

1
ZEE 2) L {jn(xa) <n} SZ / 2 dFjp(x,.)|

n=1
+1 ) 1
O dF —
o n+1
<O(X [ wdfux ) <O@EMX) <o,
n=0"v"

where Fjj(x,) denotes the distribution function of |h(X,)|.
Thus, using Kolmogorov’s three-series theorem [4, Theorem 2.16|, we obtain that the
series

IN

(7)

L h(X

n=1
converges almost surely.
Let {X,,}22, be a sequence appearing in the convergent harmonically weighted series.
First, assume that the corresponding sequence {s,}>2 ; changes sign infinitely often. Let
no be an index such that s,,—; > 0 and s,,,, ..., spy < 0. Summing the equations of the
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implicit recursion, we obtain

(8) SM = Spg—1 T Z Z ) - h<Xn))

n=no nno

Since h is non-decreasing, the last sum is clearly nonnegative. From s;; < 0 and

Sno—1 2 0;

M

Z h(Xn)
n

n=ng

|sar] <

must hold. We can assume that ng is arbitrarily large, and then the sum of the right-
hand side is also uniformly arbitrarily small, which implies that s, is arbitrarily small
for sufficiently large M. Similar reasoning applied to a block of positive terms in {s, }°°,
implies that the sequence {s,}°°; must converge to 0.

Next, assume that {s,}°°, is positive for every index n > ng. From the equality

M

h(ifn) S Lonx, = s) = h(x)

n

n=ng n=ng

we obtain that s); must be a convergent sequence when M — oo. Indeed, the sequence
M

h(X,
Z (Xn) is clearly convergent when M — co. Furthermore, "M  L(h(X, —s,) —
n

n=no n

n=ngo
h(X,) is a bounded nonincreasing sequence because s, > 0 and

M M
$- ! §* X
ﬁ(h(Xn - 5n) - h(Xn)) =8M — Snp—1 — n > —Sng— )
n=ng n=no n=no

hence it is convergent. As a sum of convergent sequences, sy, also converges; denote its
limit by L. We prove that L = 0 must hold. Let us assume that L # 0, for instance
L > 0. Then, for every large index n, L/2 < s,, holds. We also have

Eh(X, — s») <ER(X, — L/2) =: n < Eh(X,) = 0.
Then, summing the equations of recursion from ng to M, we obtain

1
Z Eh(Xn — Sp) = SM — Sng-

n=ng

Using Etemadi’s weighted SLLN [3, Theorem 1],

1 1
X, —5) < S =h(X, — L/2) ~ log(M — ng):
> Th(Xo = s0) < D2 Th(X, — L/2) ~ log(M — ng)
n=ngo n=no
hence,
—Z h n—8n) Slog(M —ng)pu — —o0, M — 0.
n= no

Since left-hand side is bounded, our assumption leads to a contradiction, hence L = 0
must hold. Similarly, if {s,}>°, is negative for every index n > ng, we obtain that same
conclusion. This completes the proof for the sequence {s; },>1.
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For the second iteration 5,, since h is increasing, so is h~!. Therefore,
1 1 . . .
—h —ﬁh(Xn —5p) | + 801 = 5n

and —h™' (—=Lh(z)) is also increasing. Summing the equations from ng to M, we
similarly obtain

S0 = Spg_1 + ZM: -t (_@)
(9) + ﬁ; —h! (—%(h(xn — §n)) +ht (—%h(xn») ,

The Borel-Cantelli lemma implies that {|X,,| > n} occurs finitely many time. Hence,
the inequality (7) yields

o (Xn)?

>

n=1

is convergent a.s.. Using h™'(z) = 2 + O(2?) in a neighborhood of 0, we have

that is convergent a.s. when ng is sufficiently large and M — oo. Thus, using (9) in
place of (8) we can follow the proof above for s, to obtain that §, converges to some
L € R a.s.. Similarly, assuming first that 0 < L, we have that

S () s o (o)

M
h(X, —L/2 X, — L/2)?
< 5 M m L) (M LR
n—no n n

< log(M — ng)Eh(X,, — L/2) + Z 0] (M) — —00, M — o0

, because, as established earlier, Eh(X,, — L/2) <0 and }_ . -5h(X, —7)* < 00
. Then7 the same arguments estabhshlng that L = 0 for s,, a.s. implies that L =0
a.s. for §,, as well. The proof is complete. O

Lemma 4.6. Let f be an operator monotone function on (0,00) such that f(1) =0
and f'(1) = 1. Let Y1,Y5,... be a sequence of i.i.d. random variables with probability
law p on P such that

j£|Lf(y)H10g*'Hf(y)H dyu(y) < oo

For any initial S; € P, the stochastic resolvent iteration
Sn—i—l - J%H (Yn—l-lu Sn) n Z 1

18 almost surely bounded.
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Proof. To prove that the iteration

1
. 1fsn+1(Yn+1) +logg ., (Sn) =0 n>1,

generates an almost surely bounded sequence, we reduce the problem to the stability
of an implicit stochastic approximation on the real line.

Let us consider the following implicit stochastic approximation algorithm defined by
s1 1= [|S1]] and

1
(1) o (Vi) o, {5} =0 n>1

Since Y11 < [|[Yoqa||[I and S1 < 511 = [|S1]|1, a repeated application of the order-

preserving property of the resolvent map in Proposition 4.1 implies

S, < s,1 n>1

(10)

holds a.s.; thus, to find an upper bound on S, it is enough to prove that s, is a.s.

bounded. Observe that, under the change of variables s, = e and ||Y, || = €™, the
recursion (11) is equivalent to
1
h(Tpe1 — Cpa1) +Cn — Cne1 = 0 n>1,
nrl (rn+1 +1) +1 2

where h = f o exp increases on the real line. Furhtermore, from Corollary 4.4, we obtain
that h(r; —r) € Llog™ L(R, (log| - ||)xp) for every real r and that the transformed
equation

Eh(ry —7)=0
has a unique solution r € R, since the original equation

0=Ef.(IY1]l)

has a unique solution = > 0, cf. [5, Theorem 6.5]. Using Proposition 4.5, the sequence
{Sn}n>1 is a.s. convergent. Hence, S, has a finite upper bound a.s..

To get a lower bound, by the similarity equivariance of the holomorphic functional
calculus, namely, f(SAS™) = Sf(A)S™!, the recursion (10) can be rewritten as

1 - J—
n+ 1gS;il<Yn+11> + IOgs;il(Snl) =0 n>1,
where g(z) = —f(1/z) is also an operator monotone function, and g(1) = 0 and

¢'(1) = 1 also hold. Exactly the same analysis leads to the bound
St<s, 0 n>1,
where the stochastic sequence of reals defined as s; := ||S; || and
1 _
g (V) g, sk =0 w1

Indeed, from the spectral mapping theorem, ||g(Y; )| € Llog™ L(P,u) also holds.
Hence, by the same argument as above, with g in place of f, we obtain an upper bound
for S;!, thus a lower bound for S, a.s., the proof is concluded. O

We consider here, just as in the last section of [5], the "symmetrized" resolvent
M/ (a,b) == Af((1 —1)6, 4 t6,) for t € [0,1] and a,b € P which is defined as the unique
solution x € P of the generalized Karcher equation

tfx(b) + (1 - t)fa:(a) = 07
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cf. |5, Theorem 6.5]. The following result provides a relaxed variant of the a.s. bound-
edness established in the first part of the proof of [5, Theorem 6.9] which was based on

the operator concavity of f and the existence of E||Y;| and E||Y; .

Lemma 4.7. Let f be an operator monotone function on (0,00) such that f(1) = 0
and f'(1) = 1. Let Y1,Ys,... be a sequence of i.i.d. random variables with probability
law p on P such that

/P 1F @)1 og™ (17 @) ) duly) < oo

For any initial S, € P, the stochastic iteration S, = ML(Y,L_H, Syp) is almost surely

n+2
bounded.

Proof. We will utilize the proof of the previous Lemma 4.6 in order to find upper and
lower bound for the iterates. Notice that M7, (Y,,1,S,) is the unique solution of the

n+2
modified resolvent equation (itself a generalized Karcher equation)
1 n+1
n+2fsn+l<yn+1>+ +2fsn+l(s ) :07

thus, just as in Proposition 4.1, is operator monotone by [5, Proposition 6.6] in both of
its variables (Y,,41,S,). Given the sequence of i.i.d. random variables ||Yi|], Y]], .. .,
we consider the stochastic sequence {s,},>1 of real numbers defined as s; := ||S1]| and

1
(12) n—_Hf37z+l(HYn+1H) _'_ f571,+1{5n} = O n 2 1

Since Y,, < ||Y,||I and S} < s11, repeated application of the order-preserving property
of the resolvent implies
S, < s,1.

Thus, we can follow the proof of Lemma 4.6 and transform the problem to R by an
exponential substitution. Indeed, applying the second statement in Proposition 4.5 to
h = f oexp, we obtain that the generated sequence is convergent; i.e. s, — r a.s. if
n — oo, where r € R is the unique solution to the equation Ef,(||Y1]|) = 0. Hence, S,
has a finite upper bound almost surely.

Now following the the last paragraph of the proof of Lemma 4.6 we have the following
steps which follow one after another:

1

n + 1 n+1f(Sn+1Yn+1) + Sn+1f(5n+ls ) n Z 17
1 _ _
n+ 1f(Yn+1Sni1)Sn+1 + f(SnSnil)SnJrl =0 n > 17
1 _
n+ 1 (S’Vl-f-lyn—i-l) + g(Sn-HSnl) =0 n > 17
1 .
10 (Yn+1)+95;+1(5 =0 n>1.
Now monotonicity of S,y in (Y, .}, S;!) implied by the last equation above, combined
with a stochastic sequence of real numbers defined as s;' := ||S;!|| and
1

L (YAID + g0 (s51) =0 n>1,

n+1
yields again
St < st

n
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From here, we follow again the last paragraph of the proof of Lemma 4.6 to obtain that
this generated sequence {s,'},cy is a.s. bounded from above. O

Given the above lemmas providing almost sure boundedness of the stochastic resol-
vent sequences, the proof of the following strong law essentially follows the second part
of the proof of [5, Theorem 6.9] that we shall expand here further for the sake of clarity.

Theorem 4.8 (Strong Law of Large Numbers). Let f be an operator monotone function
on (0,00) such that f(1) =0 and f'(1) = 1. Let Y1, Y5, ... be a sequence of i.i.d. random
variables with probability law p on P such that

LIl g L) duty) < o

~

For any initial S’l € P, the stochastic resolvent iteration gnﬂ = J%(YnH,Sn) con-

verges almost surely to Ag(p) with respect to the Thompson metric.
Similarly, for any initial Sy € P, the stochastic iteration

Sn+1 = ML (YnJrla Sn)

n+2

converge almost surely to A¢(p) with respect to the Thompson metric.

Proof. Let us recall that by [5, Proposition 6.4] the first-order system

¢=Ame@

leaves invariant any sufficiently large order-interval Q = [¢™'I,cI]. From Lemma 4.6
stochastic resolvent iteration S,, is bounded in da a.s.; thus, there exists a ¢ > 0, de-
pending on w € ©, such that S, € [c™11, cI]. We note that the exponential contraction
coefficient a(Q, f(y)) of the Q-invariant flow is strictly positive for any y € P (see
the proof of [5, Theorem 6.1]. Moreover, E(a(Q, f.(Y)) < oo because without loss of
generality we can assume that a(Q, f.(y)) < 1. Hence, the SLLN and [5, Theorem 2.1]
implies

We can now apply the proof of Theorem 3.1 to the invariant set @), using the local
L'-domination condition from Corollary 4.3, to obtain

doo(Sny Ap(p)) = 0 as..

To prove the convergence of the symmetrized iteration, we claim that doo(gn, Sp) =0
a.s. From Lemma 4.6 and Lemma 4.7, both stochastic resolvent sequences 5, and S,
are bounded in d., a.s.; thus, there exists a large enough ¢ > 0, depending on w € (2,
such that for the order-interval Q = [¢™1, ¢I] we have S,, S, € Q a.s. for each n € N,
From the Taylor series expansions, we have

flz)=2—-1+0((x-1)*) and logr=xz—1+0((z —1)?

on bounded sets. Clearly, J . (Y41, S,) is the only fixed point of the differential
equation

1
(13) (t) =

n—_wa(Yn+1) +log, Sy.
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By [5, Corollary 2.2], recall that for all n > ny(w)

a (%_l_lfzxyn—kl) + 10gx Sn) Z 1+ (Q fx( n—&-l))‘

n+1
Note that
1
0= n+ 1fSn+1 (YTL-H) + fSn+l (Sn)
(1) !

So the contraction property [5, Theorem 2.4| applied to the ODE (13) and (14) imply
that

dOO(Jni1 (YnJrla S ) Sn+1) doo (J (Yn+17 S )a ML (Yn+1> Sn))

n+2

33 n+1 —1 2 1 —~1/2
S ( ( ) n _'_—; )) n-{-{ ( + 1f$'n+1 (Yn+1> + 10g5n+1 (Sn)) Sn+{
Q foc n l —1/2 —-1/2
= (1 QL) s (50 o, (S8
B a(Q, fo(Yai1) —1/2 1/2 120 a-1/2
=1 + n+1 Hf n+1 S Sn-i—l ) log(sn-H STLSn-i—l )H

IN

(14 2L 1nm)) o

where to get the last inequality, we used the fact that the power series expansions of
f and log about I agree up to first order. Since 5, is a.s. bounded, we have for all
n > ng(w) that

—1/2q a—1/2 —1/2 ~1/2 ~1/2 —1/2
O (||8e28u5:28 = 1)) = OUIF(S AL S8 = ———= O (S Via S D)
Using Proposition 4.2, this implies

o]

Now, we estimate

doo (Sn+17 SnJrl)

2
ss.sl 1)

n

- B 1
St S5l — 1)) < S0 @l + 6.

< d (Jn+1 (Yn—l-lu g ); n+17 > ( n+17 S ) Sn+1>

(15) < ( o (Q, ful n—i—l))) [d (Sv S,) + O (‘ Sni{{g Sni{Z _[H )]
n+1
(Q fx( n+1)) ! Q 2

< —_— .

< (1 y L oo(Sns S0) + g0 (Gl o)+ C2?)
Note that the product of the terms in front of the last expression satisfies

(Q f$( n-‘rl)) !

1 1 = 8.
(16) }:[0 ( + ] 0 as.,

otherwise using the SLLN would contradict the fact that E [a (B, f.(Y41)) |$n] > 0 for
any fixed large enough bounded metric ball B C P intersecting supp(x). Now, an upper
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estimate of sums of expectations of truncations as in (7) and the Borel-Cantelli lemma
imply again that

> O ()| + ) < o as

as well, in particular the tail

> g0 (Gl + )

n>m

a.s. goes to 0 as m — oo. Since dm(S’n,Sn) is bounded a.s., this and then explicitly
solving the recursion given by the initial state d,, := dw (S, Sm) and for n > m

n—+1

%WZO+& *m)%+@{3w«awmwm+@ﬁ

combined with (15),(16) imply that deo(Sy,S,) < d, < ¢ a.s. for all large enough
n > m € N for arbitrary € > 0 proving our claim. The proof is complete.
O
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